Abstract-We analyze the performance of MIMO multi-user dual hop relay network in the presence of antenna correlation. Orthogonal space time block coding (OSTBC) is used as the transmission scheme. By assuming multiple correlated antennas in all nodes, we derive the exact closed form solution for outage probability, average symbol error rate (SER) and ergodic capacity. Moreover, the performance of the system in high SNR is considered to obtain simple asymptotic results and investigate the diversity gain. All the analytical expressions are verified with Monte Carlo simulations.
I. INTRODUCTION
Two-hop relay communication has received a significant interest in the recent research. Relay network enhances the performance and coverage and it has become a prominent technology to mitigate the shadowing effect. Use of multiple antennas in a relay network improves the performance and diversity gain and these improvements are very important when the direct path from source to destination is not available. The multiple antennas increase the performance, however, these gains can not be fully realized when correlation is present among antennas. Several studies have been carried to analyze the performance loss due to antenna correlation in single user relay networks (see e.g. [1] , [2] ).
Deployment of relays in multi-user network which is referred to as multi-user relay network (MRN) is considered for emerging standards such as IEEE 802.16j mobile multihop relay (MMR) [3] and IEEE 802.11s mesh networks [4] . Several studies have been undertaken to analyze the performance of MRN (see e.g. [5] - [9] ). Authors in [7] analyzed the performance of a MRN with single antenna nodes for Nakagami-m channels and obtained the outage probability, while they derived the symbol error rate for the same network in [8] . Recently, we studied the performance of MRN where a source with multiple correlated antennas communicates with single antenna users through a dual correlated antenna relay in [9] .
A. Contributions
The employment of multiple antennas in multi-user relay network increases the performance gain while correlation among antennas degrades it. Hence it is important to analyze and quantify this detrimental effect. Multi-user network with an amplify-and-forward (AF) relay having multiple correlated antennas at all nodes has not been studied previously to the best of our knowledge. Hence we introduce the analysis of such a network with correlated antennas by deriving exact closed form solutions to outage probability, average SER and ergodic capacity. Further, we investigate the systems in high SNR to obtain an insight of the performance and the diversity order.
II. SYSTEM MODEL
A source with n S antennas uses multi-user max-scheduling to communicate with M multiple destinations with n D antennas via an AF relay (R) with n R antennas. The direct links from source to destinations are assumed to be not available due to shadowing. The communication between S and selected destination (D m ) happens in two phases. During the first, S encodes its K selected symbols x 1 , x 2 , . . . , x K from a signal constellation with unit average symbol energy, using n S × T 1 OSTBC matrix C 1 . Then transmits these encoded signals to R using T 1 time slots. The received signal (Y R ) at the R is,
where
is the code rate and E 1 is the transmitted power at S. N R is the n R × T 1 noise matrix with zero mean and N r variance complex Gaussian entries. The n R × n S channel matrix H SR has mutually correlated Rayleigh fading entries having the correlation matrix, Φ SR = E[h srh † sr ] whereh sr denotes the vectorization of H SDm [10] and (·) † denotes the Hermitian transpose. Further, Φ SR = Φ S ⊗ Φ R , where Φ S and Φ R are correlated matrices at S and R respectively and ⊗ is Kronecker product. We use the orthogonalized property of the MIMO and write the combined signal y r,k at the R as [11] ,
where n r is the filtered noise with variance ς 1 H SR 2 F N r and ς 1 is a constant, which depends on the OSTBC matrix C 1 . During the second phase, R normalizes the received signal by G [11] ,
where E[·] is the expectation operation. Then R encodes the normalized signals by using n R × T 2 OSTBC matrix C 2 and transmits to the D m . Then the received signal at D m can be written as,
is the code rate and E 2 is the transmitted power at the R. The n D ×T 2 noise matrix N Dm has zero mean, N d variance complex Gaussian entries. H RDm is the n D × n R fading channel matrix between R and D m having mutually correlated Rayleigh fading entries with correlation matrix Φ RDm = Φ R ⊗ Φ Dm where Φ R and Φ Dm represent the correlation matrices at R and D m respectively. Then the decoded signal (y Dm,k ) at D m can be written as, [11] 
where n d is the filtered noise with zero mean and ς 2 H RDm 2 F N d variance and ς 2 is a constant, which depends on the OSTBC matrix C 2 . We can obtain the end-to-end SNR expression as,
Nr and
. c = 1, however a tight upper bound can be obtained by using c = 0. Since all the users share the common S − R channel we can rewrite (6) as,
. . , φ nSR be the non zero distinct eigenvalues of matrix Φ SR . We assume identical correlation in all the users, hence, σ 1 , σ 2 , . . . , σ nRD be the non zero distinct eigenvalues of matrix Φ RD i , ∀i.
III. PERFORMANCE ANALYSIS
In this section we derive the exact closed form expressions for outage probability, average SER and ergodic capacity. We replace the following variables in our derivations; n SR = n S n R , n RD = n R n D .
A. Outage Probability
Here, we derive the outage probability, which can be used to obtain other system performance parameters. Theorem 1: The outage probability can be derived as,
. . . 
B. Average SER
In this subsection we derive the average SER. Average SER (P s ), valid for several modulation schemes can be written as,
where Q(·) is the Gaussian Q function. ζ, ϑ defines the modulation schemes and these include BPSK (ζ = 1, ϑ = 1). [12] and it provides an approximation to M -PSK ζ = 2, ϑ = sin 2 π M [13] . Carrying out the integration by parts, we can rewrite the (9) as,
We assume c = 0 in (8) in deriving the closed form solution which can be a tight upper bound in the middle to high SNR. By using (8) in (10) and mathematical manipulation with the help of [14, Eq. 6.621.3], the closed form expression for the average SER of γ end can be derived as,
. . .
where F (μ, ν; a; b) is the Gauss hypergeometric function defined in [14, Eq. 9.10-9.13] and Γ(·) represents the Gamma function.
C. Ergodic capacity
Exact closed form expression for ergodic capacity has a significant importance since it has not been derived before even for single user relay network considering antenna correlation. Ergodic capacity (C Erg ) can be mathematically represented as,
Theorem 2: Closed form expression for C Erg can be derived as,
x dx is the exponential integral. χ 2 is given as in (16) and
ζ 1 and ζ 2 are given as in (18) and (19) respectively. Proof : see Appendix B.
IV. HIGH SNR ANALYSIS Here we derive the high SNR expression for outage probability and average SER. Let z = Λ γs andγ r = μγ s .
A. High SNR outage probability
We rewrite the (33) by expanding the e −z σ using Maclaurin series as follows,
By collecting the higher order terms (z n ; n > n SR ), we can express (21) in high SNR as,
We can further simplify (22) as,
Similarly we can derive the F γr (z) in high SNR as
Simplification yields,
Following the same procedure as in [15, Eqs. (A.09) and (A.10)], we can obtain the high SNR expression for F γend (z) as, where,
It is observed from (26) that the diversity gain
B. High SNR average SER
Average SER in high SNR can be obtain using [16]
where ζ and ϑ define the modulation scheme and ψ is given as in (27)-(29). t = min[n SR , Mn RD ] − 1 and diversity gain
V. NUMERICAL RESULTS AND DISCUSSION
In this section we analyze and verify our analytical results with Monte Carlo simulations. We model correlation matrices such that all the eigenvalues are distinct and the (p, q) th element of correlation matrices,
where 0 < ρ s , ρ r , ρ d < 1 are the correlation parameters. OSTBC matrices mentioned in [17] will be used for corresponding antenna configurations. Fig. 1 illustrates the outage probability variation. It shows that an increase of average SNR and decrease of correlation, improve the outage probability. Analytical results exactly coincide with the Monte Carlo simulations and they verify the accuracy of the results. High SNR curves are drawn and they match with the analytical ones at high SNR which further verifies the diversity order of the systems.
Average SER variation is depicted in Fig.2 . BPSK,QPSK and 8PSK systems are plotted. It shows an improvement in
SER with the increase of the number of antennas. The degradation of BER is observed with the increase of correlation. High SNR curves are drawn and are compatible of them with exact analytical ones in high SNR verifying the diversity gain. Monte Carlo simulations match with the analytical curves and they verify the accuracy of results. Fig.3 shows the ergodic capacity variation with different system configurations. Monte Carlo simulations exactly match with analytical ones. One can notice from Fig.3 that the increase of correlation in S − R link, decreases the ergodic capacity and an increase of correlation in R−D m link, increases it. This can be explained as follows: S − R is point-to-point and therefore an increase of correlation decreases the system throughput, however, R − D m is point-to-multipoint, hence the increase of correlation, reduces the channel hardening effect [18] , [19] , resulting in higher capacity.
VI. CONCLUSION
We have investigated the performance of MIMO OSTBC multi-user relay network. By considering multiple correlated antennas at all nodes, we have derived the closed form solution for outage probability, average SER and ergodic capacity. Monte Carlo simulations have been conducted to verify the analytical results. Our results show that for most of the cases, the increase of the correlation degrades the performance but for the point-to-multipoint links, the increase of correlation improves the capacity. Further, our simple high SNR expressions provide a look into the depth of the system performance and diversity order. 
APPENDIX A THEOREM 1
The pdf of random variable (rv) γ i can be obtained for distinct eigenvalue correlation matrix as [10, Eq.8] ,
We can obtain the cumulative density function (cdf) of γ i as,
By assuming the channel gains [γ i ] M 1 are independent and identically distributed, with all the users having the same average SNR and similar antenna correlation among them, we can write the outage probability of γ end1 as,
Using the multinomial theorem with mathematical manipulation, we derive F γend1 (z) as.
Pdf of γ s can be obtained by changing the variables n RD , σ u by n SR and φ i in (31). Following the same procedure as mentioned in [20, Appendix A], F γend (Λ) can be expressed as,
whereF γr (z) = 1−F γr (z). By substituting (34) and modified form of (31) to (35) and by mathematical simplification we obtain the F γend (Λ) as, 
APPENDIX B THEOREM 2
We can rewrite (13) as,
After some mathematical manipulation,
Now we can rewrite (38)
where γ t = γ s + γ r . Now χ 1 = E[ln(1 + γ s )] can be derived using pdf of γ s as,
Performing the integration with the help of [14, Eq. 4.337.5] we obtain the closed form expression for χ 1 as in (15) . Similarly we can derive χ 2 = E[ln(1 + γ r )] as in (16) . Performing convolution operation we obtain the pdf of γ t = γ s + γ r as,
We carryout the integration to obtain p γt (z) as, p γt (z) = δ 1 (z), 
